Abstract: The infrared dynamics of generic 3d N = 4 bad theories (as per the goodbad-ugly classification of Gaiotto and Witten) are poorly understood. Examples of such theories with a single unitary gauge group and fundamental flavors have been studied recently, and the low energy effective theory around some special point in the Coulomb branch was shown to have a description in terms of a good theory and a certain number of free hypermultiplets. A classification of possible infrared fixed points for bad theories by Bashkirov, based on unitarity constraints and superconformal symmetry, suggest a much richer set of possibilities for the IR behavior, although explicit examples were not known. In this note, we present a specific example of a bad quiver gauge theory which admits a good IR description on a sublocus of its Coulomb branch. The good description, in question, consists of two decoupled quiver gauge theories with no free hypermultiplets.
Generalities and Summary of Results
The notion of good, bad and ugly theories was introduced by Gaiotto and Witten [1] in order to classify 3d N = 4 theories according to their expected IR behavior. A bad theory is defined as one for which the IR scaling dimensions of certain BPS monopole operators violate the unitarity bound. Such a theory cannot flow in the IR to an SCFT whose R-symmetry matches with the R-symmetry of the UV description, and therefore the IR behavior of these theories require more careful treatment. Good theories, on the other hand, have monopole operators which strictly obey the unitarity bound, and therefore flow to an IR SCFT whose R-symmetry can be directly read off from its UV description. Ugly theories have some monopole operators which saturate the unitarity bound and flow in the IR to a standard SCFT (i.e one whose R-symmetry is visible in the UV) plus some additional free hypermultiplets.
In particular, for a U (N c ) theory with N f flavors, one encounters a bad theory for N f < 2N c − 1, while the condition for good and ugly theories are N f ≥ 2N c and N f = 2N c − 1 respectively. In [2] , certain Seiberg-like good duals were proposed for these bad theories with N c ≤ N f < 2N c − 1 using sphere partition functions. For N c = N f , the proposed dual is a collection of N f free twisted hypermultiplets, while for N c < N f < 2N c − 1 the proposed dual is a U (N f − N c ) theory with N f flavors. This claim was confirmed in [3] by studying spaces of supersymmetric vacua of N = 2 theories with the same gauge and matter content as well as in [4, 5] by working with superconformal index and vortex partition functions.
Recently, careful algebraic analysis of [6] motivated by [7] [8] [9] showed that the proposed duality is not an exact duality: the moduli spaces of the proposed duals are different globally. The good 'dual' theory should be thought of as the correct low energy description at a very special point on the moduli space of the bad theory. However, turning on an Fayet-Illiopoulos parameter for the U (1) factor of the gauge group lifts the Coulomb branch of the bad theory aside from this special point, and in this case the proposed duality becomes exact.
IR dynamics of bad theories analyzed in [2, 6] involve a single interacting SCFT and free hypermultiplets. Fairly general considerations based on the superconformal algebra and unitarity constraints led the author of [10] to propose the following classification of IR SCFTs which can be realized as IR fixed points of UV bad theories:
1. Interacting N = 4 SCFT whose flavor symmetry group G has several SU (2) subgroups, i.e. SU (2) k ⊂ G for some integer k.
2. Irreducible N = 8 SCFT.
3. Free N = 4 hypermultiplets.
4. Union of free hypermultiplets and/or interacting N = 4 SCFTs, in particular, all sectors may be interacting.
Aside from the example described above, very little is known about the IR dynamics of bad theories. In particular, explicit examples of bad theories which flow in the IR to a set of decoupled interacting SCFTs are not known. In this paper, we present a specific example of a bad theory whose IR description belongs to class 4. above -it consists of two decoupled interacting SCFTs each of which has a quiver description in the UV, with no free hypermultiplets. A more systematic analysis of bad quiver gauge theories will be the subject of a future work.
The main results of this paper are summarized as follows:
• The bad theory and the proposed good dual 1 are given in Fig. 1 . The good dual consists of two decoupled quiver gauge theories on the right of the figure. The duality holds only when the masses and FI parameter of the U(1) theory with two flavors are set to zero. The integer N does not play a very important role in the analysis, and we will take N = 4 for most of the paper to simplify the computation.
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SO(2N ) Figure 1 : The quiver on the left-hand side is a bad theory. We claim that the quiver on the right-hand side -constituted of two decoupled quiversis a good realization of the bad theory on the left.
• We present evidence for the proposed duality in Fig. 1 from three-dimensional mirror symmetry in Section 2. In a Type IIB brane construction [11] , the bad quiver arises as the mirror of an affine D 4 quiver with fundamental matter (as shown in Fig. 2 ). Localization computation, on the other hand, leads to a good mirror of the affine D 4 quiver -the quivers on the right in Fig. 1 . This suggests that these quivers might constitute a good dual of the bad quiver. • In Section 3, we study the Coulomb branch of the bad quiver as an algebraic variety along the lines of [6, 9] and show that there exists a sublocus of the moduli space for which the good dual description is valid. We explicitly demonstrate by choosing the proper coordinates that the Coulomb branch of the bad theory factorizes into two components on this sublocus.
• In Section 4 we show how the good description arises from an appropriately regularized partition function on a three-sphere.
Evidence from 3d Mirror Symmetry
It was shown in [11] using a Type IIB brane construction with orientifold planes that the quiver on the left in Fig. 1 appeared as the three-dimensional mirror dual of the quiver theory in Fig. 2 (where we take N = 4 for concreteness), which is an affine D 4 quiver with framing at one of the external nodes. A good mirror of the latter quiver theory was derived in [12] using three-sphere partition functions. We give a very brief review of the result here and refer the reader to section of [12] for details. The starting point of the derivation is the pair of linear quivers in the top row of Fig. 3 which are mirror dual to each other. Both theories are good quivers and have straightforward realization in terms of a D3-D5-NS5-brane system [13] . In the next step, we gauge the U (2) flavor symmetry on the middle U (2) gauge node of the top left quiver as a U (1) × U (1) gauge group which leads to the affine D 4 quiver in the lower left corner. On the dual side, this translates to an 'ungauging' operation on the top right quiver which breaks the A 3 linear quiver into two A 1 quivers, as shown in the lower right of Fig. 3 . Therefore gauging/ungauging of the auxiliary mirror pair of quiver theories yields a good mirror directly, bypassing the bad quiver in Fig. 2 . This naturally suggests that the quiver in the bottom left corner of Fig. 3 is a good dual of the bad theory in Fig. 1 . As an additional check, one can compare the Higgs branch Hilbert Series of the two theories which count the half-BPS chiral operators built out of hypermultiplets. This was done in section 4 of [12] and they were shown to agree. It was pointed out in [14] that the splitting of the moduli space into a product of two hyper Kähler spaces is a general feature when a flavor node is attached to the affine node of any extended Dynkin diagram.
Coulomb Branch Analysis
Consider the theory on the left in Fig. 1 . On the right we provide the dual description of the same theory which is a disjoint union of two good theories each of which flows to an interacting SCFT. These theories were first studied together in [12] . Our goal in this section is to explain how this theory arises.
Although the computation presented in this section can be easily generalized to any N , we will focus on N = 4 for simplicity. In particular, the treatment of the bad node remains essentially the same for larger N .
First, let us analyze the theory on the left in Fig. 1 in more detail. This is indeed a bad theory, since the naive computation of the scaling dimensions of monopole operators in the IR lead to unitarity violating answers. The monopole operators are labelled by GNO charges associated with each gauge node -let us label them as H 1 = (p, −p) (for the gauge node with SO(2N ) flavor symmetry) and H 2 = (n, −n). The scaling dimension formula for the monopole operators (which is the UV U (1) R-symmetry charge for a given monopole operator -this is the R-symmetry on the Coulomb branch preserved by these BPS operators) reads:
Evidently, for p = 0, one encounters unitarity violating scaling dimensions ∆ R = 0, for all n (as one expects in an SU (2) theory with two flavors), which implies that the theory is bad. For generic N , we have
which again gives unitarity violating scaling dimensions for p = 0, and for any n. If N ≤ 2, there are additional unitarity violating monopole operators for all n, p such that n = ±p.
We can see that the theory is bad due to the second SU (2) node of the quiver on the left of Fig. 1 . It is obvious that monopole operators charged under the first SU (2) group satisfy the unitarity bound. The first SU (2) group plays a role of the global symmetry for the second SU (2) group. In other words, the bad sector of this bad theory behaves the same way as an SU (2) theory with two flavors. The Coulomb branch of the latter theory has quaternionic dimension one, and is given by the cone C 2 /Z 2 in the IR limit. It was argued in [15] that this moduli space is associated with an interacting SCFT, as opposed to a free N = 4 hypermultiplet with a gauged discrete symmetry group. The interacting SCFT can be thought of as the IR fixed point of a U (1) theory with two flavors (the Coulomb branch of which is also C 2 /Z 2 ). This is the reason why the U (1) theory with two flavors appears on the right of Fig. 1 .
In the rest of the section we shall confirm this claim by studying singular loci of the the Coulomb branch of the bad theory in question.
Abelianized Coulomb branch chiral ring relations
Let us now analyze the Coulomb branch of the gauge theory on the left in Fig. 1 as an algebraic variety following [9] based on the formalism developed in [6] . Recall that the Coulomb branch of a 3d N = 4 gauge theory with gauge group G is parameterized by VEVs of the vectormultiplets which consist of triplets of real scalars and the dual photon (φ
, where a = 1, . . . , rkG. These degrees of freedom can be rearranged into complex scalars and monopole operators which in the classical description are combinations of the dual photon γ a and the remaining scalar
where the monopole operators u ± a obey the relations:
Due to the periodicity in γ direction the classical Coulomb branch is a cylinder
modulo the action of the Weyl symmetry. Quantum corrections deform the Coulomb branch and the classical relations (3.4). It was shown in [9] that the quantum-corrected Coulomb branch and the relations between monopole operators can be described using the "abelianized" description, i.e. in terms of Weyl-invariant polynomials of ϕ a and u ± a . In particular, the quantum-corrected Coulomb branch can be realized as a complex algebraic variety in variables ϕ a and u ± a . For example, given an SQCD with gauge group U (N ) and N f flavors the classical relations (3.4) are replaced by the following quantum-corrected ones:
The Coulomb branch relations of the non-Abelian theory are obtained by rewriting the above relations in terms of operators in the non-Abelian theory, which in turn can be written in terms of Weyl-invariant polynomials of ϕ a and u ± a (this was referred to as the "abelianization map" in [9] ).
Let us now describe the procedure explicitly for a linear quiver gauge theory with unitary gauge groups, where the i-th gauge node has rank N i , and has M i fundamental hypermultiplets. The non-Abelian Coulomb branch relations can then be obtained from the following polynomial equation:
where, for each gauge node i with number of colors N i and number of flavors M i , we introduce the following generating functions
As discussed in [9, 16] , the Coulomb branch is generated by a subset of BPS monopole operators with magnetic charges (0, . . . , 0) and (±1, 0, . . . , 0). For our purposes it will be more convenient to work with these gauge invariant Coulomb branch operators, which are related to the abelian operators in the following fashion:
In terms of the gauge invariant operators, Q i (z), Q i (z), and U ± i (z) is given as:
where Φ (i) 0 = 1. Therefore, the non-Abelian Coulomb branch relations can be read off from (3.8) after solving for the auxiliary variables Φ (i) n i .
U (2) and SU (2) Theories with Two Flavors
To begin with, let us analyze the case of a U(2) gauge theory with two flavors, which is a bad theory. We will need this analysis later for the bad quiver from Fig. 1 . In terms of (3.8) this theory has a single node whose Coulomb branch relations are generated by
Here Q(z) = Φ 0 is a constant, all other polynomials are of degree two. We obtain the following
One solves the first equation with respect to Φ 0 to obtain the system of equations for the Coulomb branch. For an SU (2) gauge group, we have
since ϕ 2 = −ϕ 1 . The Coulomb branch relations for the SU (2) theory can be obtained from the ones for the U (2) theory (as given in (3.16)) by imposing the following constraints. Firstly, one needs to impose the vanishing trace condition (3.17) on the complex scalars. Secondly, the Coulomb branch operators for the SU (2) theory must be invariant under the action of the topological U (1) J symmetry 2 . Recall that, in the U (2) theory, the monopole operators V ± k have charges ±1 respectively, while the complex scalars are invariant, under this symmetry. We will find it convenient to write the chiral ring relations for the SU (2) theory in terms of the following U (1) J -invariant operators V kl :
From the above expression it is clear that operators V kl are not independent. Indeed, one needs to impose det a,b V ab = 0 , (3. 19) for any 2 × 2 minor of the matrix V kl . We are now ready to discuss the Coulomb branch of the SU (2) theory with two flavors. Since in the U (2) theory we only have V ± 0 and V ± 1 monopole operators then (3.19) gives a single relation:
while relations (3.16) will read as follows after eliminating Φ 0 :
21) has rank less than three. Explicitly, the matrix is given as:
Now, we would like to study the singular loci of the Coulomb branch. The analysis can be simplified by eliminating the variables V 11 and V 10 using the relations (3.20) and (3.21), so that we have three variables (V 00 , V 01 , Φ 2 ) and a single relation:
The singular loci, which correspond to vanishing of the Jacobian
, where i = 1, 2, 3 (i.e. a rank zero Jacobian), is given by the following set of equations:
Therefore, the singular loci on the Coulomb branch consists of two distinct points, corresponding to the two solutions of the above equations:
(1) : In the vicinity of the above singularities, we consider small fluctuations of the fields and parametrize them as follows:
(1) :
:
where u, v and w are small. In both cases, the relation (3.24) (or the relations (3.20)-(3.22)) gives the equation for an A 1 singularity to the leading order in fluctuations:
Therefore we conclude that the Coulomb branch of a 3d N = 4 SU (2) theory with two flavors has two distinct singular points where the moduli space is locally isomorphic to C 2 /Z 2 as an algebraic variety 3 .
SU (2) Theory with Four Flavors
Let us now describe Coulomb branch of a good theory -SU (2) with four flavors, which will be used in what follows. Generating relation (3.8)
after eliminating auxiliary fields from Q(z) and switching to SU (2) variables, which we described above, we get the following
where we put primes to distinguish these operators from those of the previous subsection. Using the second relation to eliminate the variable V 10 , we have the reduced set of equations:
Bad linear quiver
Finally we can proceed to analyze the linear quiver on the left hand side of figure Fig. 1 . For the right node of the quiver (3.8) reads
and yields the following equations
where Φ 0 is auxiliary variable, which is a part of the abelianization procedure and Φ 2 is the scalar operator of the form (3.10) for the left SU (2) node of the quiver. One solves the first equation with respect to Φ 0 to obtain the system of equations for the Coulomb branch.
Since both gauge groups are of the quiver are SU (2) then ϕ 2 = −ϕ 1 and ϕ 2 = −ϕ 1 , therefore the scalar operators read as follows
(3.34) By taking the above formulae into account and switching to U (1) J -invariant variables (3.18) we get the following relations from (3.33) (after eliminating V 10 and Φ 0 ) :
which, after eliminating V 10 , give a single relation:
We can now derive the equations for the left (good) node of the bad quiver in Fig. 1 . Equations (3.8) read (here primes correspond to the operators of the good node)
This relation generates six nontrivial equations which describe scalars and monopole operators for the first node of the quiver. It is easy to see that only in one of those equations (coming from z 4 term) there will be a contribution from the bad node in terms of operator Φ 2 . One now needs to use the remaining five equations to solve for tilded variables. Having done these calculations we get the following equations in gauge invariant variables
where we define X as
We can now redefine all primed monopole operators from (3.38) as follows
Then these equations will read
which coincides with (3.31) upon identification V ab with V ab . Recall that system (3.31) describes the Coulomb branch of SU (2) theory with four flavors. The above two equations can be combined to one relation
In order to analyze singular behavior of equations (3.36) and (3.42) we again look at the locus where the corresponding Jacobian vanishes. There are two algebraic relations for six variables V 00 , V 00 , Φ 2 , Φ 2 , V 01 , V 01 , so the Jacobian is a 2 × 6 matrix. All its 2 × 2 minors must vanish in order to define the singular locus. After a simple computation we obtain two singular loci for unprimed variables.
The first singular sublocus is
and the other primed variables are only constrained by (3.42). Small fluctuations around the above singular point
lead to the equation for A 1 singularity
The second singular sublocus reads
which after substituting to (3.36) gives
In other words, only fluctuations around the above locus give the equation for the A 1 singularity, instead of having an entire complex line in (3.44). Other primed variables also obey (3.42). Analogously to the previous case we conclude that small fluctuations around that locus describe the A 1 singularity. Note that there is a difference between the above two cases. In (3.44) the Coulomb branch of the given quiver theory is a direct product of the A 1 singularity and the Coulomb branch of the SU (2) theory with four flavors described by (3.31). However, singularity (3.48) is of higher codimension and in its vicinity the Coulomb branch decomposes into the A 1 singularity and a singular sublocus of the Coulomb branch of the SU (2) theory with four flavors.
Matching UV and IR R-symmetries
Having a good description of the bad theory allows us to see the explicit relationship between the UV Coulomb branch R-symmetry SU (2) C and the IR R-symmetry based on the above calculation. Indeed, since for good theories R-symmetries do not change along the renormalization group flow, we can use the theory from the right in Fig. 1 to read off the IR R-symmetry of the sought bad theory.
According to (3.21)-(3.22) and (3.46) the UV operators V 00 are neutral under U (1) C ⊂ SU (2) C . In other words V 00 violates the unitarity bound and in the good description of the theory they will acquire some positive R-charge. In the infrared x and v play the role of monopole operators for the U (1) theory with 2 flavors, while w is the VEV for the complex scalar. We can easily determine R-charges of these operators, which for the quiver UV theory we have started with will play the role of the IR R-charges
Additionally the U (1) theory has a U (1) J topological symmetry, which for this theory is enhanced to SU (2) J . This symmetry mixed with the IR R-symmetry should give the UV R-symmetry Note that according to the assignments of the IR R-charges all generators x, v and w can be thought of as a top components of the SU (2) IR triplets. Their complex conjugatesx,v andw are the bottom components. It is still to be determined what the middle components with zero R-charge are. Nevertheless this observation is in one-toone correspondence with Bashkirov's classification of 3d N = 4 IR SCFTs. Indeed, this example corresponds to the presence of flavor supercurrent multiplet F which carries triplet 3 of SU (2) IR . We have identified three such triplets.
Partition Function Analysis
In this section, we present a derivation of the good dual in Fig. 1 using partition function on a three-sphere. It is well-known that the three-sphere partition function diverges for bad theories. However, it was shown in [2, 18] that the three-sphere partition function of a bad theory with U (N c ) gauge group and N c ≤ N f < 2N c − 1 flavors can be appropriately regularized by turning on generic R-symmetry charges. Explicitly,
where Γ h denotes a hyperbolic gamma function, the parameters {m a } are real mass parameters living in the Cartan subalgebra of U (N f ), and η is the FI parameter. C n is generically a contour on the complex plane which will be taken to be the real line for our purposes. The complex numbers (ω 1 , ω 2 ) take values (i, i) on a round three-sphere and (ib, i/b) on a squashed three-sphere, while iω/2 is associated with the IR dimension of a chiral multiplet (the canonical dimension being 1/2). We refer the reader to [18, 19] for further details.
Starting from the partition function of an ugly theory and integrating out one flavor at a time, the regularized partition function of the aforementioned bad theory can be written in terms of the partition function of a good theory, i.e. a U (N f − N c ) theory with N f flavors, and that of 2N c − N f free hypermultiplets [2] , i.e. 4) and the parameters η u , η j are:
The expression for the dual partition function of an SU (N c ) with N f flavors can be obtained by integrating both sides of (4.2) w.r.t. the FI parameter η, although the resultant partition function does not factorize as cleanly as the U (N c ) case. However, in the case of N c = N f , the equation (4.2) simplifies further as the RHS of the equation reduces to the contribution of N f free hypermultiplets, i.e.
In this case, the dual partition function of SU (N c ) theory with N c flavors can be written as
For the specific case of N c = N f = 2, we have:
where { m } and η are the mass and FI parameters of the U (1) theory with N f = 2.
One can now find a dual for the bad quiver in Fig. 1 in the following fashion. We can think of constructing this quiver by starting out with an SU (2) gauge theory with two flavors and then gauging the flavor symmetry node as an SU (2), followed by adding N fundamental hypers to the new gauge node. The strategy is to write the regularized partition function of the bad quiver, and insert the dual of the bad SU (2) node in the expression, as discussed above. The dual of the bad quiver can then be read off from the partition function after some simple manipulation. Explicitly, one can write the regularized partition function as: where for the first equality we have also set the masses { m = 0} by shifting the integration variable η in (4.8) 5 . The above equation suggests that the duality in Fig. 1 only holds when the masses and the FI parameters for the U (1) theory are all set to zero.
Our analysis suggest that factorization of the partition function in the above calculation, as well as factorization of the moduli spaces in Sec. 3, is only possible for quivers with SU (2) nodes. Indeed, only for N c = N f = 2 in (4.9) we get such symmetric form of the contributions from the hypermultiplets which leads to splitting of the partition function in (4.11).
Generalizations. We expect to find more examples of 3d N = 4 theories whose IR SCFTs represent themselves a union of interacting sectors. An obvious generalization of the main example in the present paper Fig. 2 is to take a 'star-shaped' quiver with SU (2) node with SO(2N ) framing (N ≥ 4) in the middle and connect it with n SU (2) nodes. Each of these SU (2) nodes yields a bad sector. Then the proposed good description will have n decoupled sectors each of which describes an A 1 singularity together with the SU (2) theory with SO(2N ) global symmetry. In the future work we plan on studying such new examples.
